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Abstract We present recent results on the first moments of parton distributions using gauge con-
figurations generated with two degenerate flavors of light twisted mass quarks with pion mass fixed
approximately to its physical value. We also present a first study of the vector parton distribution
function using a twisted mass ensemble at pion mass of 373 MeV.
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1 Introduction
Although nucleon structure has been an area of intensive activity within lattice QCD for a number
of years, it is only recently that simulations with near physical parameters both in terms of the value
of the pion mass (referred to as physical point), as well as, with respect to the lattice volume and
lattice spacing have become available [1; 2; 3; 4; 5; 6; 7; 8; 9]. Generalized parton distributions (GPDs)
encode information related to nucleon structure that complements the information extracted from
form factors [10; 11; 12]. Their forward limit coincides with the usual parton distribution functions
(PDFs) and, using Ji’s sum rule [13], allows one to determine the contribution of a specific parton to
the nucleon spin. In the context of the “proton spin puzzle”, which refers to the unexpectedly small
fraction of the total spin of the nucleon carried by quarks, this has triggered intense experimental
activity [14; 15; 16; 17; 18]. Calculations using gauge configurations produced with physical values
of the light quark mass, pose new challenges associated with the slower convergence of the inversion
of the Dirac operator and the increase of gauge noise requiring very large computational resources.
Therefore, techniques to speedup the inversions are critical in order to obtain results at the physical
point. In Fig. 1 we show the speedup achieved when deflation of lowest eigen-modes is applied. The
best improvement is achieved with exact deflation of the lowest about 1800 eigen-modes, which yields
a speed-up of a factor of 20 as compared to the conjugate gradient method after about 1000 right hand
sides (rhs) that is the typical number of rhs in our production runs.
2 Evaluation of matrix elements in lattice QCD
In Fig. 1 we show the contributions entering the evaluation of a hadron matrix element. One needs to
compute the three-point function given by
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Fig. 1 Speedup achieved with exact deflation as a function of the number of rhs nrhs(left). Connected (middle)
and disconnected (right) contributions to a three-point function.
Gµν(Γ,q, ts, tins) =
∑
xs,xins
eixins·q Γβα 〈Jα(xs, ts)OµνΓ (xins, tins)Jβ(x0, t0)〉 (1)
and then form a ratio by dividing the three-point function by an appropriate combination of two-point
functions:
R(ts, tins, t0)
(ts−tins)∆1,(tins−t0)∆1
−→ −→ −→ M
[
1 + . . . e−∆(p)(tins−t0) + . . . e−∆(p
′)(ts−tins)
]
. (2)
In Eq. 2M is the desired matrix element, ts, tins, t0 the sink, insertion and source time-slices and ∆(p)
the energy gap with the first excited state. Summing over the current insertion time tins we obtain
ts∑
tins=t0
R(ts, tins, t0) = Const.+M[(ts − t0) +O(e−∆(p)(ts−t0)) +O(e−∆(p′)(ts−t0))]. (3)
In the summed ratio, excited state contributions are suppressed by exponentials decaying with ts− t0,
rather than ts − tins and/or tins − t0. However, one needs to fit the slope rather than to a constant,
which increases the statistical uncertainty in the extracted value of the desired matrix element.
In order to extract the physical value of the matrix element from the lattice results one needs to
carry out the renormalization of the lattice matrix element by evaluating the renormalization function
Z(µ, a). The renormalization functions are typically computed non-perturbatively. In this work we
performed a perturbative subtraction of O(a2) lattice artifacts, which in general leads to a better
determination of the renormalization functions [19].
3 Generalized Parton Distributions
The standard procedure to study generalized parton distributions in lattice QCD is to use factorization
of the light cone matrix element in terms of local operators. There are three types of GPDs involving
the following operators: i) the vector operator Oµ1···µnV a = ψ¯(x)γ{µ1i
↔
D µ2 . . . i
↔
D µn} τ
a
2 ψ(x), ii) the
axial-vector operator Oµ1···µnAa = ψ¯(x)γ{µ1i
↔
D µ2 . . . i
↔
D µn}γ5 τ
a
2 ψ(x) and iii) the tensor operator
Oµ1···µnTa = ψ¯(x)σ{µ1,µ2i
↔
D µ3 . . . i
↔
D µn} τ
a
2 ψ(x). In the special case when no derivatives are present
then one obtains the nucleon form factors, while for Q2 = 0 one has the parton distribution functions
(PDFs). In this work, we limit ourselves to one-derivative operators determining the first moments of
these PDFs.
Generalized form factor decomposition of the vector one-derivative operator yields
〈N(p′, s′)|OµνV 3 |N(p, s)〉 = u¯N (p′, s′)
[
A20(q
2)γ{µP ν}+B20(q2)
iσ{µαqαP ν}
2m
+C20(q
2)
q{µqν}
m
]
1
2
uN (p, s)
(4)
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Fig. 2 〈x〉u−d in the MS scheme at µ = 2 GeV for the pion (left) and for the nucleon (right). The experimental
value for 〈x〉u−d shown here is from Ref. [20].
The nucleon spin due to a quark q is then determined by Jq = 12
[
Aq20(0)+B
q
20(0)
]
, while the momentum
fraction is given by 〈x〉q = Aq20(0).
3.1 Momentum fraction of the pion and the nucleon
In Fig. 2, we show results on the isovector 〈x〉u−d for which disconnected contributions are zero in the
isospin limit for the pion and the nucleon in the MS scheme at µ = 2 GeV.
In the case of the pion we show results obtained using Nf = 2 twisted mass fermions. There
is agreement between the clover-improved and non-clover improved ensembles [1] while no volume
effects are observed within our statistical errors. The phenomenological value is extracted from a next-
to-leading order analysis from Fermilab E-615 pionic Drell-Yan data [21]. The nucleon momentum
fraction has been studied by a number of collaborations. In particular, near the physical point, in
addition to Nf = 2 twisted mass plus clover-improved fermions from ETMC [1; 22; 23; 24; 23], there
are results using Nf = 2 + 1 clover fermions with 2-HEX smearing from LHPC [9] and Nf = 2 clover
fermions [25; 26] from QCDSF/UKQCD. As can be seen for the latest lattice results close to the
physical pion mass, 〈x〉u−d approaches the physical value. Furthermore, these studies show that for
bigger sink-source time separations the value decreases towards to the physical one. We note that, as
the sink-source time separation increases, one needs increasingly larger statistics to attain statistical
errors that can yield a meaningful result and this analysis is on-going.
3.2 Nucleon gluon moment
We consider the nucleon matrix element of the gluon operator Oµν = −Tr[GµρGνρ], where we take
〈N |O44 − 13Ojj |N〉 at zero momentum, which yields directly 〈x〉g. We use HYP-smearing to reduce
noise and, for this operator, apply perturbative renormalization. We analyze two ensembles : one
Nf = 2 + 1 + 1 twisted mass ensemble with a = 0.082 fm, mpi = 373 MeV, using 34,470 statistics
and one Nf = 2 twisted mass plus clover ensemble, with a = 0.093 fm, mpi = 132 MeV and ∼155,800
statistics. For the latter ensemble, we find 〈x〉g = 0.282(39) in MS scheme at µ = 2 GeV, which gives
for the first time a determination of this important quantity at the physical value of the pion mass.
3.3 Nucleon spin
Having computed the generalized form factors A20 and B20 we can determine the nucleon spin carried
by the quarks via the relation Jq = 12 (A
q
20 +B
q
20). The spin sum given by
1
2 =
∑
q J
q =
(
1
2∆Σ
q + Lq
)
+
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Fig. 3 Disconnected contributions to the nucleon momentum fraction at the physical point for the light (left)
using currently 39000 measurements and for the strange (right) using about 185000 measurements.
JG includes a gluon contribution JG. The intrinsic quark spin is given by ∆Σq = gqA, which has been
computed within lattice QCD. Knowing Jq and gqA one can extract the angular momentum L
q.
In order to extract the individual quark contribution one needs to compute both the connected
and disconnected parts shown schematically in Fig. 1. Connected contributions have been computed
using the well established sequential inversion through the sink method. Disconnected contributions
have been computed with new methods developed for graphics cards (GPUs). This was carried out for
ensembles using O(150, 000) statistics for the Nf = 2 + 1 + 1 ensemble of twisted mass fermions at
mpi = 373 MeV [27] as well as using an Nf = 2 ensemble of twisted mass fermions with a clover term at
mpi = 132 MeV [28], which is still on-going. We show in Fig. 3 the momentum fraction 〈x〉q = Aq20(0)
arising from the disconnected part. As can be seen, it is non-zero for both the light and the strange
quarks. Whereas Aq20(0) is accessible directly at Q
2 = 0, B20(0) is not, requiring extrapolation to
Q2 = 0. Although we have computed the disconnected contributions to B20 for the few lowest Q
2-
values the results are consistent with zero and we will ignore them in what follows. The disconnected
intrinsic spin ∆Σq is also found to be non-zero. We show in Fig. 4 the total spin Jq as well as ∆Σu+d
at the physical point as well as ∆Σu+d+s. As can be seen, including the disconnected contributions
brings agreement with the experimental value in the case of ∆Σ. Using Lq = Jq − 12∆Σq we obtain
results on the angular momentum. The major outcome is that disconnected contributions produce a
non-zero angular momentum at the physical point. At the physical point, our preliminary values are
Ju+d = 0.296(17) and Lu+d = 0.067(28), while 12∆Σ
u+d = 0.229(20) and 12∆Σ
u+d+s = 0.211(21),
where for the first time, disconnected contributions are included.
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Fig. 4 The total quark spin (left) carried by the light and the strange quarks and ∆Σu+d and Lu+d (right)
in the MS scheme at 2 GeV using Nf = 2 and Nf = 2 + 1 + 1 twisted mass fermions. Open circles and open
squares include disconnected contributions from the u and d quarks, while the open diamonds also include the
strange quark contribution. The asterisk is the experimental value of the intrinsic spin.
53.4 Direct evaluation of parton distribution functions - an exploratory study
We consider the matrix element: q˜(x,Λ, P3) =
∫ +∞
−∞
dz
4pi e
−izxP3〈P |ψ¯(z, 0) γ3W (z)ψ(0, 0)|P 〉h(P3,z) where
q˜(x) is the quasi-distribution defined in Ref. [29], which can be computed in lattice QCD. First results
are obtained for Nf = 2 + 1 + 1 clover fermions on HISQ sea [30] and for an Nf = 2 + 1 + 1 TMF
ensemble with mpi = 373 MeV [31] for which we show results in Fig. 5 on the isovector distribution
qu−d(x) for 5 steps of HYP smearing. The matching to the PDF q(x) is done using
q(x, µ) = q˜(x,Λ, P3)− αs
2pi
q˜(x,Λ, P3)δZ
(1)
F
(
µ
P3
,
Λ
P3
)
− αs
2pi
∫ 1
−1
dy
y
Z(1)
(
x
y
,
µ
P3
,
Λ
P3
)
q˜(y, Λ, P3)+O(α2s)
(5)
Fig. 5 Results on the unrenormalized q(x) for 5-
HYP steps, P3 = 4pi/L from Ref. [31].
We note that: i) The calculation of the leading UV diver-
gences in q˜ perturbatively is done keeping P3 fixed while
taking Λ → ∞ (in contrast to first taking P3 → ∞ for the
renormalization of q); ii) The renormalization procedure is
still under study and thus here we identify the UV regulator
as µ for q(x) and as Λ for the case of the quasi-distribution
q˜(x). The dependence on the UV regulator Λ will be trans-
lated, in the end, into a renormalization scale µ after proper
renormalization; iii) Single pole terms cancel when combin-
ing the vertex and wave function corrections, and double
poles are reduced to a single pole that are taken care via the
principal value prescription; iv) A divergent term remains in
δZ(1) that depends on the cut-off xc
4 Conclusions
Simulations at near physical parameters of QCD are yielding important results on the structure of
hadrons. In this work we have shown results on nucleon observables taking into account for the first time
disconnected contributions at the physical point, which are shown to be crucial to obtain agreement
with experiment for the intrinsic spin of the nucleon. Exploration of new techniques to compute hadron
PDFs, charge radii and electric dipole moments is on-going, as well as, the development of techniques
for resonances and for ab Initio Nuclear Physics [32]. This thus represents a very rich program for
zero-temperature hadron and nuclear physics and we expect rapid progress in many of these areas in
the near future.
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